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Beginners studying quantum mechanics are often baffled with electron tunneling. Hence an easy 
approach for comprehension of the topic is presented here on the basis of uncertainty principle. An 
estimate of the tunneling time is also derived from the same method. 
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I. INTRODUCTION 



The student who begins studying quantum mechanics 
is often at sea with the intricacies of the topic. The cer- 
tainty with which physics predicted events in the classical 
domain is completely lacking here. Physics seems to have 
given up and only seems contented with the calculation 
of probability of a particular event. 

The student is perhaps most intrigued by the quantum 
mechanical treatment of electron transmission across a 
potential barrier. It apparently contradicts the classi- 
cal solution. Quantum mechanics predicts a probabil- 
ity of reflection even when the electron energy is higher 
than that of the barrier and a probability of transmission 
when the electron energy is less than that of the bar- 
rier. (The latter phenomenon is known as electron tun- 
neling). However classical mechanics suggests that an 
object may cross a barrier only if its energy is higher 
than that of the barrier. For example, a ball will not cross 
a wall if its energy is lower than that required to cross the 
wall. The students wrest with these ideas for some time. 
But when they see that there is no way of avoiding the 
principles of quantum mechanics, they submit themselves 
to it and accept whatever it has to offer. 

The principle which the students seem to accept at 
the earliest is Heisenberg's Uncertainty Principle. Most 
of them, without a proper knowledge of higher mathe- 
matics, gape at the solutions that Schrodinger's Equation 
has to offer. Without a proper visualization, the solutions 
seem vague to them. 

The purpose of this paper is to explain the phe- 
nomenon of tunneling on the basis of the Uncertainty 
Principle. However the approach is strictly pedagogical 
as no quantitative estimation may be given using it. 
It would only help the student appreciate the intrica- 
cies of quantum mechanics through a visualization of 
the phenomenon. Otherwise the beauty of the phe- 
nomenon would have remained buried in the solution of 
Schrodinger's Equation. 
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FIG. 1: 

The spread in electron energy of a packet incident at the 
barrier. Some of the electrons have energy higher than the 
barrier. 



II. SCHRODINGER'S EQUATION 

Normally the solution to the problem of transmission 
across a potential barrier is obtained by solving the time 
independent 1-D Schrodinger's Equation. A rectangular 
potential barrier has been assumed for simplicity. (Refer 
to Fig. 1) 
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As given in any standard book on quantum mechanics 
there are two solution to this problem-one for E > Vq 
, another for E < Vq. The solutions are as given below. 
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Case 1 : E > V 
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$f(x) = Aexp(ikx) + B exp(— ikx) x<0 
ty(x) — Cexp(ifcix) + Dexp(— ikix) x>0 & x < d 



y/2m(E-V ) 



\I/(x) — Eexp(ikx) 



x > d 
(2) 



Case 2 : E <Vq 



\&(x) = Aexp(ikx) 

j. _ \/2mE 

h 

ty(x) = Cexp(ax) - 

y/2m(Vg-E) 

h 

i = E exp(ikx) 



a = 
\I/(x 



- B exp(-ikx) x < 

Dexp(-ax) x>0 & x < d 

x > d 
(3) 

Here A,B,C,D,E are constants. 

From the solutions it is proved mathematically that 
there is a definite probability that an electron with energy 
higher than that of the barrier might be reflected. Also 
from the solution for the case E < Vq , there is a probabil- 
ity for these electrons to be transmitted. These solutions, 
despite giving a quantitative estimate of the probability 
fail to provide an intuitive understanding of the phenom- 
ena. 



Energy of an electron may be related to its momentum 
in the familiar classical form as, 



E 



V 

2m* 



(7) 



m is the mass of the free electron, m* is the effective 
mass of the electron. Hence, 



AE 



pAp 



(8) 



The momentum p is very small, we can safely assume, 
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AE 



Ap 
(Apf 



(9) 
(10) 



Substituting the value of Ap and assuming m* to 
be 0.07m(This is frequently encountered in solid state 
physics), we can calculate AE to be approximately 1.1 
eV. Now this value of uncertainty in energy is compa- 
rable to the value of barrier heights frequently encoun- 
tered. (The barrier height for Si-SiC^ interface in CMOS 
is roughly 3.1 eV) Substituting this value of AE in (0 
,we can get At to be of the order of 1CU 15 s. 



III. UNCERTAINTY PRINCIPLE 

The first principle of quantum mechanics that a stu- 
dent is exposed is probably the Heisenberg's Uncertainty 
Principle. In the most general terms, it states that if an 
electron is in state |^) and A and B are two observ- 
ables,then 

A(A)A{B) > \(nA,B ]m (4) 

The two forms of this principle which the students are 
most familiar with are: 

AEAt > h (5) 
ApAx > h (6) 

E is the energy of the electron; p is the momentum of the 
electron in the x direction. 

Now we can apply this principle to the case of transmis- 
sion across a potential barrier. Let a packet of electrons 
be incident at a potential barrier of height Vq. By Un- 
certainty Principle we know the position of the electrons 
with an accuracy of Ax (say). Now if the Ax is greater 
than the width of the barrier, then there is a definite 
probability of some electrons being on the other side of 
the barrier. This case is investigated more closely. For 
a standard potential barrier, let the width of the barrier 
be d. Let Ax be equal to 1 nm. Calculating, Ap for this 
case approximately turns out to be 1.054e -25 Kg m/s. 



IV. INFERENCE 

In the previous section some approximate calculations 
have been made. In this section the physics buried in 
those calculations will be unfurled. Let us make an as- 
sumption that the electrons will be transmitted across 
the barrier only if their individual energy is greater than 
the height of the barrier(Vo) i.e. condition for transmis- 
sion is same as that in classical physics. When elec- 
trons are incident on the barrier there is a spread in 
energy of the electrons. As the uncertainty in position 
gets smaller, the uncertainty in momentum and energy 
increases. For barriers small enough, the uncertainty in 
energy is comparable to the height of the barrier. Thus 
there is a definite probability that some of the electrons 
in a group with energy E(E < Vo) may possess energy 
which is higher than that of the barrier. Thus these elec- 
trons may cross the barrier while the others may not. 
Similarly in the case where E > Vq, there is a definite 
probability that there may be electrons which possess 
energy less than that of the barrier. According to our as- 
sumption, there would be some electrons which would be 
reflected. Hence using our classical assumption we have 
accounted for all the events occurring in various cases of 
transmission of electrons across a potential barrier. All 
the events are equivalent to the classical case. Thus ac- 
tually tunneling is not a phenomenon where some classi- 
cally forbidden event takes place. It is only that due the 
uncertainty in the observables, there is a definite proba- 
bility for the apparent non-classical events to occur. 

In JSJ, At is the uncertainty of time over which the 
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measurement of energy has been made. The energy mea- 
surement is done on the either side of the barrier. Thus 
the uncertainty of time is approximately equal to the 
transit time of electrons through the barrier. In the pre- 
vious section the uncertainty in time(equal to tunneling 
time) was calculated to be of the order of 10~ 15 s. This 
is in excellent agreement with the detailed calculations 
performed recently Ij- Lll Li L| 

One might wonder where does the uncertainty in elec- 
tron energy come from? The answer to this probably lies 
in the inelastic scattering at the incident surface. The 
electrons might absorb energy from the lattice(through 
inelastic processes) and rise to higher energies. 

V. CONCLUSION 

A qualitative explanation of electron transmission 
through a potential barrier has been presented here. This 
explanation is based on the Uncertainty Principle. The 
explanation has also been justified with a sample cal- 
culation of uncertainties. The explanation will be most 
useful for explaining the essence of tunneling to novices. 
Most textbooks present the tunneling effect as one of 
the phenomena for which the difference between classi- 
cal and quantum physics is most striking. This leads 
to confusion in the students. The explanation provided 



here is amicable to the classical perceptions. Thus it is 
expected that the students will accept this explanation 
easily. Moreover, this also illustrates the probabilistic 
nature of quantum nature in a better way. 

Many students initially exposed to Uncertainty Prin- 
ciple often tend to interpret Q in the following way: 
measuring an observable A to some accuracy AA causes 
the value of B to be 'disturbed' by an amount AB in 
such a way that some sort of inequality similar to is 
being satisfied. While it is true that measurements cause 
disturbance to the system being measured, this is not the 
content of uncertainty principle. The correct interpre- 
tation is that if we prepare a large number of quantum 
systems in identical states, |\&), and then perform mea- 
surements of A on some of those systems and B in others 
then the standard deviation AA times the standard devi- 
ation AB will satisfy (@J. The explanation given in this 
paper highlights this interpretation. Hence the explana- 
tion will also help students understand the Uncertainty 
Principle in a better way. 

The explanation requires a bare minimum of mathe- 
matics. It provides a valuable insight into the govern- 
ing mechanisms which would have remained buried in 
the mathematical complexities of the solutions. Thus we 
hope that it would be useful in teaching of undergraduate 
quantum mechanics and modern physics. 
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